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$1. INTRODUCTION 
WE GIVE a criterion for the existence of p-torsion in the integral cohomology of a compact 
simple simply-connected Lie group G, and in spaces uitably related to G by a map, in terms 
of the algebraic properties of G (Killing form and dimensions of basic irreducible represent- 
ations). 
Specifically, let a,, . . . , u, be a simple system of roots of G, ji a root of maximal ength 
and ( , ) the Killing form. Let A1, . . . , Ar be the basic weights atisfying 
2% = Jij. 
jv j 
Let dim (A,) be the dimension of the irreducible representation of G with highest weight 
&,andlet6 = A1 + ... + &. Then 
n, = 
2(;1i, li + 26) dim(&) 
(BP P) dim G 
i=l,... ,r 
turn out to be integers, and our result is: 
THEOREM. Let p be a prime dividing all of the integers n,, . . . , n,. Let f : G + X be a 
map, X a jnite cell complex, such that f * : H3(X; Z) + H’(G; Z) has$nite cokernel of order 
prime to p. Then H*(X; Z) has p-torsion. 
In particular, it follows from this theorem that if p divides all ni, then H*(G; Z) has 
p-torsion, on takingfas the identity map. This last result is very similar to a criterion for 
p-torsion in G that can be obtained by combining results of Bore1 [4] and Wang (to appear).$ 
Our proof is based on K-theory results of Atiyah [I], and ideas of Dynkin [7]. It is a 
uniform proof without case considerations. However, on inspecting the classification and the 
variety of homology computations already done (see [4] for references), we see that our 
sufficient criterion for p-torsion in G is also necessary. 
t The author wishes to acknowledge support by the National Science Foundation and the Air Force 
Office of Scientific Research. 
1 The author is grateful to Professors Bore], Wang, and Gitler for discussing their results with him. 
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§2. 
H*(X) will denote the singular cohomology groups with integer coefficients of the space 
X. If Xis a finite CM/complex, K*(X) is as defined in [2]; further, if H*(X) has no torsion, 
then for each xi E H’(X) there exists 5 in K*(X) such that 
ch(c) = xI + (terms of degree higher than i) in H*(X) @ Q. 
This is proved in [2]; a simpler proof can be based on [3]. Essentially the same proof shows 
that if H*(X) has no p-torsion and if Xi is in the image of H’(X)-+ H’(X) @ Q, then there 
exists 5 in K*(X) such that 
ch(i;) = dx, + (higher terms), 
d being an integer elatively prime top. 
Finally, if 5 is in K*(X), and H*(X) is torsion free (in dimensions s i - I), then 
ch(t) = xi + (higher terms) implies that Xi is an integral class. 
We now consider the compact simple simply-connected Lie group G and calculate 
(ch 5)s for all 5 E K*(G), where ch(<) =ziCh(5)i, Ch(<)i E H’(X) @ (2. We recall that G is 
2-connected and H3(G) = Z. According to [l], K*(G)/(torsion) is an exterior algebra 
generated by the residue classes of 5i = ( p(/Ii)> where ~(1~) : G -+ U(dim &) is the irredu- 
cible representation of G with highest weight lli and (p(ni)) the corresponding element of 
K’(G). 
Our theorem will follow immediately from these considerations and the formula 
ch(<P(4)))3 = 
2(& di + 26) dim(&) 
(P? P> dim x3 
where x3 is a generator of the infinite cyclic group H3(G). 
63. 
Let B, be the classifying space of G, B, the classifying space of a maximal torus T c G, 
and 
the usual fiber bundle. 
The weights &, . . . , Ar may be identified with generators of the polynomial ring H*(B,), 
Izj E H2(BT), as explained in [5]. Furthermore, G/T has no torsion, is simply-connected, 
and its odd dimensional cohomology groups vanish. Bc is 3-connected and H4(B,) is 
infinite cyclic with generator y, whose suspension in the universal G-bundle is the generator 
xJ of H3(G). 
The Weyl group W of G operates on T, B,, and G/T. The ring of invariants of W on 
H*(B,) 0 Q, denoted (H*(B,) 0 Q)w, is justp*H*(B,) 0 Q. With coefficients Q, p* is l-l, 
i* is onto. Finally, H’(G/T)” = 0 for i > 0. 
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We determinep*y,, as polynomial in the 1, in H4(Br). 
PROPOSITION. p*y, = c 
and is a generator of H4(BT)w. 
Proof. Since H’(B,) = 0 for 0 < i < 4 
and H’(G/T)=OforO<i<2, 
we have the exact sequence of low order terms 
0 + HI(&) + -a- -+ H3(G/T) -+ H4(Bc) -+ H4(B,) --f H4(G/T) 
and since H3(G/T) = 0, 
0 + H4(BG) s H4(B,) --f H4(G/T) 
is an exact sequence of W-modules. 
Since H4(G/T)w = 0 and Imp* c H4(B,)W, p* induces an isomorphism 
H4(Bc) % H”(B#t 
We now consider the AdG-invariant quadratic form on g and its restriction to !$ (the 
Lie algebras of G and T), denoted ( , ), which is W-invariant. This form is determined up to a 
(non-zero) scalar multiple and is definite. Fixing such a form, we can write it as a quadratic 
polynomial in the linear forms Ai on $J : 
for x E 5, the aij being real numbers, 
The equations 
yield 
2(1,, aj) = 6ij(~j, "j) 
(@k, @J = Ca,j(& Clk)(Aj> al> 
4(ai, aj) 
aij = (c(i, ~i)(aj, "j) for i # j. 
If fi is any root of maximal length, then - 
. . 2(ai "j> * 
(@i? @i> 
IS Integral and (clj, ~j) is also integral. 
Hence, y Carj;lilj h as integer coefficients, and since (p, /I) = (mi, CQ) for some i, this poly- 
nomial is a generator of the group of W-invariant quadratic polynomials in the 2,‘s with 
integer coefficients. This proves the Proposition. 
w. 
Let p be an irreducible representation of G in a finite dimensional complex vector space. 
Its character x, as function on the Cartan subalgebra $$, can be written as 
350 BKUNO HARRIS 
Mj being the weights, integral linear combinations of the &‘s, and e(M) = exp(2niM). 
Up to a factor (2ni)k, the homogeneous part of degree k in x is a polynomial in the Izi with 
rational coefficients and hence an element of H2k(B,) 0 Q denoted ch(p),, or ch(X)2k. 
Since IZMj = 0, ch(p), is actually integral. 
We recall that H*(&) 0 Q is a polynomial ring over Q with generators P,, . . . , P, 
where p*Pl is just the form ( , ) on 5,. The Pi may be identified with generators of the ring 
of MG-invariant polynomial functions on g, and the map p* then corresponds to restriction 
of polynomial functions on g to $j, which maps the algebra of MC-invariant polynomial 
functions on g isomorphically onto the algebra of W-invariant polynomial functions on $j. 
The character of the representation p is itself a function on g : X-r tr p(exp X) where 
exp : g --f G, and this function is a power series in P,, . . . , P,. It is then an important task to 
calculate the coefficients of this power series, and in particular our task is to calculate the 
coefficient of PI. However, Dynkin has calculated the coefficient of each Pi, i = 1, . . . , r 
and we shall give a short proof of his general result ([7]), based on a formula of Harish- 
Chandra [9]. 
The generators Pi are of course not unique. Hence, we will require them to be primitive: 
that is 
d(P,)(F,P,) = 0 
if F,, F2 are any two AdG-invariant polynomials homogeneous of positive degrees uch that 
degF, + degF2 = degPi where a(Pi) denotes the partial differential operator with constant 
coefficients corresponding to Pi (alternately d(Pi(FlF2) is the inner product of Pi and F,F, 
under ( , ) extended to an inner product on the symmetric algebra of g). 
Dynkin’s result is : If PI, . . . , P, are primitive generators of the ring of invariant 
polynomials on g and x is the character of the irreducible representation with highest weight 
A, then the coefficient Of Pi in x is 
Ca(Pi)Xl(o) = CPiCA +6J - pi(s)lX(o>. 
WiPi a(P 
Proof. Let R denote the operation of restricting to & a function on g. If P is a poly- 
nomial, Fa differentiable function on g, both AdG-invariant, then Harish-Chandra’s formula 
is: 
R(d(P)F) = k d(RP)(nRF) 
where n: is the function on g which is the product of all positive roots. 
Now take F = x,,. Weyl’s formula is 
where Aa = #Fw(Sgn +(o(A + 6)) 
A0 = c (Sgn o)e(o6). 
UEW 
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Both A* and A0 are divisible by rc and the quotients are W-invariant: 
AA = x(x*(O) + ki + k’) 
A,, = ~(1 + h, + h’) 
where deg ki = deg hi = deg Pi and k’, h’ denote the terms of other degrees than 0 and 
deg Pi. 
Let pi = R(P,). Then 
a(P = Pi(A + a)A* 
d(PJAe = Pi(d 
Qi)(nX,Q) = 5(pi)[n(xA(O) + ki + k’)(l + hi + jr’)- ‘1. 
Recall that P, is primitive and so, by Harish-Chandra’s formula 
~(PiXn~I_f2Xo) = O 
if fi, fi are W-invariant of positive degrees. 
Similarly, QJ(nf) (0) = 0 if deg f < deg pi, f W-invariant. Thus : 
i Ca(PJ(~Xdl(o> = a Qi)Cn(X~(O) + k + k’)(l - k + .*.)X0> 
= PiCA + 4 +f to> - X*t”)PiCs) 2 Co> 
= X*C”)CPitA + 6, - PiCs>l = X*(“)CPi(A + 4 - pi(s 
This proves Dynkin’s formula. For i = 1, a shorter proof is available based on use of the 
Casimir operator. 
Now take i = 1, PI(X) = (A’, X). From the proof of the Proposition, we see that 
(P, B) 
---4- P, represents a generator of H4(Bc) (integer coefficients). Furthermore, a(P can 
be calculated easily: if (Xi}i=l, ,__ ,dim G is an orthonormal basis for g with respect to ( , ), 
then P, = IX?, B(P,)P, = c a(Xi)“(Xf) = C 2 = 2 dim G. Finally: the coefficient of 
I I I 
a PI 4 
4P, in xA is - 
Pi(A + 6) - Pi(b) dim(A) = 2(A, A + 2s) dim(A) - , 
a PI 2dim G (BY B) dim G 
This proves the theorem. 
As an example, consider a map f: X -+ BG, G as before, such thatf*H4(Bc) is either 0 or 
has finite order prime to p. This will always happen if H4(X) is finite with no p-torsion. Let 
E be the total space of the induced principal G-bundle over X. If p divides all the integers 
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fll, *** 9 n, associated with G, then E has p-torsion. This is easily proved by considering the 
spectral sequence of the fibration G $ E -+ X and noting that i : G -+ E satisfies the hypo- 
theses of the theorem. 
The situation in the theorem that we have a mapf : G + X may be replaced by assuming 
instead a mapf: B, -+ Xsuch thatf*H4(X) has finite index (of order prime to p) in H4(&). 
The proof is essentially the same, except for one point: since BG is not a finite C W complex, 
the Chern character ch has to be examined more carefully. 
The requirement on G that it be simple and simply-connected may be weakened to : G 
(compact) connected with fundamental group having no elements of order p. 
We list now the integers n,, . . . , n, for the various classes of simple groups. These can be 
calculated easily from the inverse of the Cartan matrix and the dimensions dim (ni) as given 
by Weyl’s dimension formula. In fact, these numbers nj have already been defined by 
Dynkin (in [6] where they are called the indices of the representations) and listed by him 
(however, for Es his values appear incorrect and we have given different numbers based on 
Freudenthal[8]). 
The li are numbered according to the vertices of the Dynkin diagrams as follows: 
A,: 
B,: 
c:, :
D,.: 
G,: 
F-4: 
E,: 
E,: 
/ 
// 
@-.-(-J- . . . . 0' 
1 2 r-2 \ 
\ 
\ 
\ 
0, 
7 
o---o-o-o-o 
1 2 3 4 5 
0’ 
I 
0 --o~-o-o-o-o 
1 2 3 4 5 6 
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4,: O-O-O--O-O-O-O 
G2 
nl 2 
n2 8 
113 
n4 
n5 
n6 
'17 
n8 
g.c.d. 2 
A 
4 1 
n2 r-1 
4-2 
4-l r-l 
‘1, 1 
g.c.d. I 
1 2 3 
F4 & 
6 6 
126 150 
882 1800 
18 150 
6 
24 
4 5 
J& 
12 
648 
17,160 
297,000 
4680 
36 
360 
2.3 2.3 2’.3 
B, G 
2 1 
2(2r - 1) 2r - 2 
2r-2 
2(v 2 3) 
6 I 
E8 
60 
14,700 
1,778,400 
302*72*132*19 
62~102~72~112~17~23 
5,292,OOO 
1500 
s5,500 
2’.3.5 
D, 
2 
2(2r - 2) 
2’-3 
2r-3 
2(r > 3) 
353 
We note from the above tables: 
(1) The primes dividing the g.c.d. are exactly those for which torsion is known to exist (by 
miscellaneous techniques and case checking). 
(2) The g.c.d. is divisible by p2 just in the cases p = 2, G = E,, E,. 
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